Let G be a unitary group over Q, associated to a CM-field F with totally real part F + , with signature (1, 1) at all the archimedean places of F + . For certain primes p, and X a Shimura variety associated to G with good reduction at p, we construct a stratification of the characteristic p fiber of X, whose closed strata are indexed by subsets S of the archimedean places of F + .
Introduction
Let G and G ′ be algebraic groups over Q, isomorphic over all non-archimedean primes of Q but not necessarily isomorphic over R. In many cases, the Jacquet-Langlands correspondence predicts an isomorphism between the space of automorphic forms for G and the space of automorphic forms for G ′ . (See, for instance, [JL] for the case of quaternionic algebraic groups.)
This correspondence is established via trace calculations in the theory of automorphic forms. One might hope for a more geometric way of understanding the relationship between the two spaces of automorphic forms. A first step towards such a perspective would be to establish a direct geometric relationship between the Shimura varieties attached to the two algebraic groups.
In this paper we establish such a relationship for a particular class of Shimura varieties-namely, U (2) Shimura varieties. These come from algebraic groups whose real points are (up to a factor of R × ) n-fold products of unitary groups U (2) or U (1, 1). Such varieties are very closely related to quaternionic Shimura varieties.
Our starting point is a Shimura variety X coming from an unitary group G over Q whose real points (up to a factor of R × ) are isomorphic to a product of U (1, 1)'s. (In the analogy between U (2) Shimura varieties and quaternionic Shimura varieties, such varieties are the analogues Shimura varieties arising from quaternion algebras that are split at all infinite places, a class that includes the Hilbert modular varieties.) This group G is defined in terms of a CM field F , with totally real part F + .
We begin by constructing a stratification of X in characteristic p, such that the various closed strata are indexed by subsets S of the set of archimedean places of F + . (This stratification is closely related to a stratification of Hilbert modular varieties introduced by E. Goren and F. Oort in [GO] .) The details can be found in section 3.
The closed strata X S of X have a moduli interpretation; in particular, they parametrize abelian varieties with PEL-structures that have certain distinguished subgroups isomorphic to α p . For certain subsets S (which we call "sparse" subsets), this interpretation allows us to associate to every abelian scheme A/T , corresponding to a T -valued point of X S , a canonical isogeny A/T → B/T with certain properties. The B/T turn out to be moduli objects for a different Shimura variety X ′ , corresponding to a unitary group G ′ that is isomorphic to G at nonarchimedean places, but not isomorphic to G over R. In this way we obtain a map X S → X ′ . The schemes X S and X ′ are of different dimensions, so this map has nontrivial fibers.
In order to understand these fibers, we ask what additional information one needs in order to recover the point A/T of X S given the point B/T of X ′ . We answer this question by identifying X S with a moduli space parametrizing isogenies of the universal abelian scheme on X ′ that have certain properties. A calculation in Dieudonné theory then shows that the set of closed points in any fiber is in bijection with the closed points on a certain product of one-dimensional projective spaces.
One might thus guess that X S is a (P 1 ) r -bundle over X ′ for some r, but this turns out not to be quite correct. The difficulty is that Dieudonné theory only describes the closed points of a scheme, and hence cannot "see" nontrivial morphisms of schemes that happen to be bijections on closed points. As it turns out, the correct statement is that there is a finite, purely inseparable morphism from X S to a naturally defined (P 1 ) r -bundle on X ′ . (See Theorem 4.9 for the precise statement).
This result yields an explicit geometric link between the Shimura varieties X and X ′ , which are a priori very different objects. Results of this nature can be found elsewhere in the literature-for instance, Ribet's work on Shimura curves over Q [Ri] (which builds on earlier work of Zink in [Zi] ), or Pappas' study of Hilbert modular surfaces [Pa] -but only in low dimensional cases. It is worth noting that the finite, purely inseparable morphism that appears in our result is an isomorphism onétale cohomology, a fact we exploit in some cases to establish a direct relationship between theétale cohomology of X and that of X ′ .
We also study the mod p reduction of a U (2) Shimura variety X Γ0(p) that comes from the unitary group G but has "Γ 0 (p)" level structure at p. We express the characteristic p fiber of this variety as a union of certain smooth, codimension zero subschemes. Each of these subschemes is a disjoint union of irreducible components of the characteristic p fiber, and can be expressed as the underlying reduced scheme of some moduli space of isogenies on X. By studying the structure of these moduli spaces of isogenies, we show that for each such subscheme Y of (X Γ0(p) ) F p there is an integer r and a closed codimension r stratum X S of X such that Y is "nearly" a (P 1 ) r -bundle over X S . (c.f. Theorems 5.11 and 5.13). Combining this with our result on closed strata, we realize each irreducible component of X Γ0(p) as "nearly" a (P 1 ) 2r -bundle over a connected component of some other Shimura variety X ′ . (The particular X ′ that arises varies with the component we are considering.)
Finally, we turn to the arithmetic implications of these results. In particular, in the case where our Shimura varieties arise from real quadratic fields in which p is inert, we apply the weight spectral sequence of , [Sa] ) to a desingularization of X Γ0(p) , and from this, together with our description of the components of this model, we deduce an explicit relationship between theétale cohomology of two Shimura varieties for two different unitary groups G and G ′ . Whereas the Jacquet-Langlands correspondence is usually proven by a computation of traces, and thus cannot yield anything more than an abstract, noncanonical isomorphism between spaces of automorphic forms, the approach used here yields a canonical isomorphism between two Hecke modules naturally associated to G and G ′ . (See Theorem 6.4 and the comments following it for details.)
There are some notational conventions we use throughout the paper. First, we often use the same symbol for an isogeny of abelian varieties, and for the map on de Rham or crystalline cohomology it induces. Second, given a family of schemes {X i } over X, we denote by i;X X i the fiber product of the X i over X.
Basic definitions and properties
We begin with the definition and basic properties of U (2) Shimura varieties.
Fix a totally real field F + , of degree d over Q. Let E be an imaginary quadratic extension of Q, of discriminant N , and let x be a square root of D in E. Let F be the field EF + .
Fix a square root √ D of D in C. Then any embedding τ :
Fix a two-dimensional F -vector space V, equipped with an alternating, nondegenerate pairing , : V × V → Q. We require that αx, y = x, αy for all α in F . (Here α denotes the complex conjugate of α.) Each embedding τ :
The pairing , on V induces a pairing , τ on V τ ; this pairing is the "imaginary part" of a unique Hermitian pairing [, ] τ on V τ . We denote the number of 1's in the signature of [, ] τ by r τ (V), and the number of −1's by s τ (V). If V is obvious from the context, we will often omit it, and denote r τ (V) and s τ (V) by r τ and s τ .
We fix aẐ-lattice T in V(A f Q ), stable under the action of O F , such that the pairing , induces aẐ-valued pairing on T .
Finally, we choose a prime p ∈ Q, unramified in F , and split in E, such that the cokernel of the induced map T → Hom(T ,Ẑ) has order prime to p.
Let k 0 be a finite field of characteristic p large enough to contain all the residue fields of O F of characteristic p. We fix an embedding of W (k 0 ) into C. Such a choice associates to each p τ (resp. q τ ) as above a map O F → W (k 0 ), and therefore also a map O F /pO F → k 0 . In an abuse of notation we denote each of these by p τ (resp. q τ ), and rely on the context to make it clear exactly which we mean.
All these choices allow us to define the algebraic group associated to the Shimura varieties of interest to us. Specifically, we let G be the algebraic group over Q such that for any Q-algebra R, G(R) is the subgroup of Aut F (V ⊗ Q R) consisting of all g such that there exists an r in R × with gx, gy = r x, y for all x and y in V ⊗ Q R. In particular, G(R) is the subgroup of τ :F + →R GU(r τ , s τ ) consisting of those tuples (g τ ) τ :F + →R such that the "similitude ratio" of g τ is the same for all τ . Now fix a compact open subgroup U of G(A f Q ), such that U preserves T , and such that U p is the largest subgroup of G(Q p ) preserving T p . If U is sufficiently small, there exists a scheme X U (V) over W (k 0 ) representing the functor that takes an W (k 0 )-scheme S to the set of isomorphism classes of triples (A, λ, ρ) where 1. A is an abelian scheme over S of dimension 2d, with an action of O F , such that the trace of α ∈ O F on Lie(A/S) is given by
2. λ is a polarization of A, of degree prime to p, such that the Rosati involution associated to λ induces complex conjugation on O F ⊂ End(A).
3. ρ is a U -orbit of isomorphisms TẐ (p) A → T (p) , sending the Weil pairing on TẐ (p) A to a scalar multiple of the pairing , on T (p) . (Here TẐ (p) A denotes the product over all l = p of the l-adic Tate modules of A.)
We call such a scheme a U (2) Shimura variety.
Since we have taken U p to be the subgroup of G(Q p ) preserving T p , U p is a hyperspecial subgroup of G(Q p ). It follows that the mod p reduction X U (V) /k0 is a smooth variety. Its dimension is equal to the number of τ such that r τ (V) = s τ (V) = 1, or equivalently to the sum τ r τ (V)s τ (V).
We will also be interested in a variant of X U (V) that has some level structure at p. In particular, we define X U,Γ0(p) (V) to be the W (k 0 )-scheme representing the functor that takes S to the set of isomorphism classes of tuples (A, λ, ρ, B, λ 
is a finite flat group scheme over S of order equal to the norm of p, and
• the cokernel of the map
Unlike X U (V), X U,Γ0(p) (V) is not smooth; in fact, in characteristic p it is not even irreducible. The structure of its irreducible components will be discussed in section 5.
Remark 2.1
The schemes X U (V) and X U,Γ0(p) (V) depend not only on U and V but on all of the choices we have made in this section. To avoid clutter, we have chosen to suppress most of these choices in our notation.
One can also consider a more general version of the above moduli problems. Let F + , E, and F be as above, and let D be a central simple algebra over F of dimension 4. Fix an involution α → α of D, of the second kind, and a maximal order O D of D stable under this involution.
Let V now denote a free left D-module of rank one, equipped with a nondegenerate alternating pairing
with the property that αx, y = x, αy for all α in D. For each τ :
, so choosing a suitable idempotent of e of D ⊗ F + ,τ R, such that e = e, we find that e(V ⊗ F + ,τ R) is a two-dimensional complex vector space with equipped with a nondegenerate Hermitian pairing induced by , . We let r τ (V) and s τ (V) be the number of 1's and −1's, respectively, in the signature of this pairing.
Finally, we fix aẐ-lattice T in V(A f Q ), stable under the action of O, such that , induces aẐ-valued pairing on T . We fix a p, unramified in F + and split in E, such that B is split at p and the cokernel of the map T → Hom(T ,Ẑ) induced by , has order prime to p.
Then for G ⊂ Aut D (V) the subgroup of automorphisms which take , to a scalar multiple of itself, and U a compact open subgroup of G, preserving T such that U p is the subgroup of G p fixing T p , we can associate a Shimura variety X D U (V). The corresponding moduli problem over W (k 0 ) parametrizes tuples (A, λ, ρ), where 1. A is an abelian scheme over S of dimension 4d, with an action of O D , such that the trace of α ∈ O F on Lie(A/S) is given by
2. λ is a polarization of A, of degree prime to p, such that the Rosati involution associated to λ induces Similarly, one defines X D U,Γ0(p) (V) to be the space parametrizing tuples (A, λ, ρ, B, λ ′ , φ), where
2. B is an abelian scheme over S of dimension 4d, with an action of O D .
3. λ ′ is a polarization of B, of degree prime to p. Note that for D = M 2 (F ), with involution equal to conjugate transpose, this is equivalent to our original moduli problem. Specifically, given a point (A, λ, ρ) of X U (V), we obtain a point (A 2 , λ 2 , ρ 2 ) of X D U (V) by letting GL 2 (O F ) act on A 2 in the obvious way. Conversely, given a point (A, λ, ρ) of X D U (V), for a suitable idempotent e of M 2 (O F ) (i.e., one stable under conjugate transpose) λ induces a prime-to-p polarization eλ : eA → (eA) ∨ , and so (eA, eλ, eρ) is a point of X U (V).
For the purposes of most of this paper, it will matter little whether we work with X U (V) or X D U (V) for some D. In particular, all of our constructions are done in terms of the p-divisible groups of the moduli objects we consider. Since D is split at p, we can fix an idempotent e of O D ⊗ Z p such that e = e. Then if we have a point (A, λ, ρ) of X D U (V), eA[p ∞ ] behaves exactly like the p-divisible group of a moduli object of X U (V).
Therefore, to avoid cluttering our notation with idempotents everywhere, for the bulk of the paper we consider only the schemes X U (V) and X U,Γ0(p) (V). All of our results hold more generally for any X D U (V) for D as above (in particular, split at p). We leave it to the reader to determine how the proofs given here may be adapted to this case.
A stratification of U (2) Shimura varieties mod p
Fix choices for F + , E, V, and U , and let r τ = r τ (V) and s τ = s τ (V) for all τ . Let X = X U (V) k0 be the fiber over k 0 of the U (2) Shimura variety arising from these choices as in section 2. Our first goal will be to construct a stratification on X. We do this by adapting a closely related construction of Goren and Oort [GO] for Hilbert modular varieties. The stratification we obtain is a "generalized Ekedahl-Oort" stratification for U (2) Shimura varieties; these have been studied in considerable generality by many authors; see for instance [Oo] , [Mo] , or [We] .
Let A be the universal abelian variety over X. Then the relative Lie algebra Lie(A/X) is a locally free O X -module of rank 2d. This module has an action of O F and of k 0 , and therefore decomposes as a direct sum:
Lie(A/X) = ϕ:OF →k0
where ϕ is an algebra homomorphism O F → k 0 and Lie(A/X) ϕ is the submodule of Lie(A/X) on which O F acts via ϕ. Every such ϕ corresponds (via the embedding of W (k 0 ) in C in section 2) to a unique complex embedding p τ or q τ of F , and the trace condition for the action of O F on Lie(A/X) implies that Lie(A/X) pτ and Lie(A/X) qτ are locally free of rank r τ and s τ , respectively.
Fix a τ such that r τ = s τ = 1. The Verschiebung V :
for all τ . Moreover, there is a natural isomorphism:
where F abs is the absolute Frobenius on X. Thus we have a natural isomorphism:
Lie(A (p) /X) pτ ∼ = (F * abs (Lie(A/X))) pτ .
Let σ : k 0 → k 0 be the Frobenius automorphism of k 0 . Via our choice of embedding of W (k 0 ) in C in section 2, an embedding τ : F + → R corresponds to a unique map O F + → k 0 . Composing this map with σ, we obtain a new map O F + → k 0 . We let στ denote the map F + → R corresponding to this new map. Since the absolute Frobenius induces σ on k 0 , we have (F * abs (Lie(A/X))) pτ ∼ = F * abs (Lie(A/X) pστ ) with this convention. Suppose further that r στ = s στ = 1, so that Lie(A/X) pστ is a line bundle. Pullback of a line bundle by Frobenius sends transition functions to their pth powers, and therefore sends a line bundle to its pth tensor power. We thus obtain a canonical isomorphism
In particular, for each τ , Verschiebung yields a section h τ of the line bundle Hom(Lie(A/X) ⊗p pστ , Lie(A/X) pτ ).
Remark 3.1 These h τ are close analogues of the "partial Hasse invariants" constructed by Goren in the setting of Hilbert modular varieties [Go] .
Remark 3. 2 We could just as easily have done this construction with the q τ instead of with the p τ . The existence of a prime-to-p polarization on A means that the p τ and q τ components of Lie(A/X) are dual to each other, and hence that the bundle and section obtained from considering the q τ components are canonically isomorphic to those obtained from the p τ components.
The zero locus of a section h τ has a moduli-theoretic interpretation, in terms of the structure of p-torsion subgroups of the moduli objects: Proposition 3.3 Let k be a perfect field of characteristic p, x ∈ X(k), and A/k the abelian variety corresponding to x. Then x lies in Z(h τ ) if and only if the k-vector space Hom(α p , A[p]) pτ has dimension at least one.
Let F D and V D denote the Frobenius and Verschiebung endomorphisms of D. Then Hom(α p , A[p]) pτ is nonzero if and only if the quotient (D/(im F D + im V D )) pτ is nonzero. This latter module can also be written
On the other hand, one has a canonical isomorphism
In terms of de Rham cohomology, this means that Hom
. The latter is the kernel of the map induced by Verschiebung on de Rham cohomology. Thus Hom
induced by Verschiebung is the zero map, as required.
2 For S a subset of those τ with r τ = r σ −1 τ = 1, let X S denote the (scheme-theoretic) intersection of the Z(h τ ) for τ in S. Proposition 3.4 If X S ⊂ X is nonempty, then X S is smooth, of codimension equal to the cardinality of S. Moreover, if S is nonempty, then X S is proper.
In order to prove this, we will need to understand certain deformations of abelian varieties. We work in the following setting:
Let S be a scheme, and S ′ a nilpotent thickening of S equipped with divided powers. Let C S ′ denote the category of abelian varieties over S ′ , and C S denote the category of abelian varieties over S. For A an object of C S ′ , let A denote its base change to C S .
Fix an A in C S ′ , and consider the module H 1 cris (A/S) S ′ . This is a locally free O S ′ -module, and we have a canonical isomorphism:
This gives us, via the preceding isomorphism, a local direct summand of H 1 cris (A/S) S ′ that lifts the local direct summand Lie(A/S) * of H 1 DR (A/S). In fact, knowing this lift allows us to recover A from A. More precisely, let C + S denote the category of pairs (A, ω), where A is an object of C S and ω is a local direct summand of H 1 cris (A/S) S ′ that lifts Lie(A/S) * . Then the construction outlined above gives us a functor from C S ′ to C + S .
Theorem 3.5 (Grothendieck) The functor C S ′ → C + S defined above is an equivalence of categories.
Proof. For an outline of the basic ideas, see [Gr] , pp. 116-118. A complete proof can be found in [MM] , primarily chapter II, section 1. 2 We are now in a position to prove Proposition 3.4. First note that X S is defined by the vanishing of sections of n line bundles, where n is the cardinality of S. Thus X S has codimension at most n in X. Thus to show X S is smooth of codimension n, it suffices to show that the tangent space to X S at any closed point has codimension n in the tangent space to X. (Note that this requires us to know that X S is nonempty.)
Let k be a perfect field containing k 0 , and let x : Spec k → X S be a k-valued point of X S . Let (A, λ, ρ) be the corresponding triple.
Let I be the scheme Spec k[ǫ]/ǫ 2 . The first-order deformations of A are in bijection with the lifts ω of Lie(A/k) * to a local direct summand of H 1 cris (A/k) I . The O F -action on A lifts to the first order deformation given by ω if and only if ω is of the form
Since the Rosati involution induces complex conjugation on O F , this restricts to a perfect pairing: Finally, for any choice of ω for which the O F -action and λ lift to the corresponding deformation, the level structure ρ lifts uniquely. Thus specifying a tangent vector to X at x is equivalent to specifying, for each τ , a lift of the the r τ -dimensional subspace Lie(A/k) pτ of the two dimensional vector space
If r τ is zero or two, the lift is obviously unique. For each τ with r τ = 1, such lifts form a one-dimensional k-vector space. We thus recover the fact that the dimension of the tangent space to X at x is equal to the number of τ with r τ = s τ = 1, which is also the dimension of X.
Let v be a tangent vector to X at x, corresponding to a lift (Â,λ,ρ) of (A, λ, ρ). For τ such that r τ = r σ −1 τ = 1, the vector v lies in X {τ } if and only if the map
is the zero map. This in turn is true if and only if the lift ω pτ coming from v is contained in the kernel of the map
Since both ω pτ and this kernel are local direct summands of rank one, this condition determines ω pτ uniquely.
Thus to specify a tangent vector to X S at x, it suffices to specify ω pτ for τ not in S. In particular the tangent space to X S at x has codimension n in the tangent space to X at x, as required.
It remains to show that X S is proper for S nonempty. Let R be a discrete valuation ring containing k 0 , let K be its field of fractions, and let k be its residue field. Let x : Spec K → X S be a point of X S , and let A/K be the corresponding abelian variety. Then there exists a finite extension K ′ of K such that A K ′ has either good or multiplicative reduction.
Suppose it had multiplicative reduction, and let T be the maximal subtorus of the reduction. The character group of T is a free Z-module of rank at most 2d on which O F acts; this is only possible if T had rank exactly 2d, in which case A K ′ has purely toric reduction. But then Verschiebung would induce an isomorphism on the Lie algebra of the special fiber, which is impossible since it has a kernel on the general fiber.
Thus A K ′ has good reduction. In particular A K ′ extends to an abelian scheme over Spec R ′ , where R ′ is the integral closure of R in K ′ . The polarization and level structure on A K ′ extend to R ′ as well. We thus obtain a map Spec R ′ → X S extending the map Spec K ′ → X S , and can conclude that X S is proper. Remark 3.6 It follows immediately from this result that the nonempty X S (including X ∅ , which is by definition all of X) are the closed strata in a stratification of X.
In one key case, we can show that X S is nonempty:
Proof. It suffices to prove this for S the set of all real embeddings τ : F + → R. Let E be a supersingular elliptic curve over F p , and let A be the abelian variety E ⊗ Z O F ; that is, the abelian variety such that
F -modules of rank two. Fix any isomorphism ρ between them, compatible with the action of O F . The natural polarization on E then induces a polarization on A, that identifies TẐ (p) A ∨ with Hom(T (p) ,Ẑ (p) ). Thus the pairing on T (p) determines a polarization λ of A, of degree prime to p. Moreover, we have isomorphisms
It suffices to show that this point lies on X S ; i.e., that the space Hom(α p , A[p]) pτ is nonzero for all τ . But we have isomorphisms
. Then X has a stratification whose closed strata X S are indexed by subsets S of Hom alg (F + , R) (or, equivalently, by subsets of Hom alg (O F + /p, k 0 ), since we have fixed an embedding of W (k 0 ) in C.) We will use the results of the previous section to relate certain closed strata X S of X to U (2) Shimura varieties with different archimedean invariants.
Remark 4.2 If p splits completely in F + , then there are no sparse sets S, and the theory of this section is vacuous. On the other hand, if the residue class degree of every prime of F + above p is even (so that in particular d is even), then there exist sparse subsets of order up to d 2 .
Fix a sparse subset S. Let Y S be the moduli space representing the functor that sends a k 0 -scheme T to the set of isomorphism classes of tuples The moduli space Y S can be thought of as parametrizing a point (A, λ, ρ) of X S , plus an isogeny φ : A → B that serves as a "witness" to the fact that (A, λ, ρ) lies in X S . In fact, we will soon prove that the obvious map Y S → X S that forgets this "witness" is an isomorphism. First we need the following calculation:
Proof. Since Lie(B/T ) pτ is locally free, we can compute its rank after base change to a geometric point of T . We may thus assume T = Spec k for a perfect field k containing k 0 . This allows us to apply Dieudonné theory.
LetD
The space Lie(B/T ) * pτ is isomorphic to the image of (D B ) pστ in (D B ) pτ under Verschiebung. Thus we have:
We have the following equalities:
The desired formula for the rank of Lie(B/T ) pτ follows immediately. 
Thus we conclude that Lie(B/T ) qτ has rank equal to 2 − rank Lie(B/T ) pτ , for all τ . 2 We are now in a position to show:
Proof. This map is clearly proper, and X S is smooth, so it suffices to show that π is bijective on points and injective on tangent spaces. Let x be a closed point of X S , with residue field k x . Then k x is perfect, and x corresponds to a tuple
where as usual ⊥ denotes orthogonal complement with respect to the Weil pairing:
We consider M as a subspace of D A via this isomorphism. It is easy to verify that M is stable under F and V ; that is, M is a Dieudonné submodule of D A .
We have an exact sequence:
On the other hand, if (A, λ, ρ, B, λ ′ , φ) is any point of Y S mapping to x, then by definition φ(H 1 DR (B/k x )) is equal to M . Thus the kernel of φ is equal to K, and hence this tuple is isomorphic to the tuple constructed above. In particular, π is a bijection on closed points.
It now suffices to show that the map π is an injection on tangent spaces at every closed point. Let x be a closed point of Y S , with (necessarily perfect) residue field k x . The point x corresponds to a tuple (A, λ, ρ, B, λ ′ , φ). Let I denote the scheme Spec k x [ǫ]/ǫ 2 . We have already seen (in the proof of Proposition 3.4) that specifying a tangent vector to X at π(x) is equivalent to specifying, for each τ , a lift of Lie(A/k x ) * pτ to a local direct summand ω A,τ of (H 1 cris (A/k x ) I ) pτ . Fix choices of ω A,τ corresponding to a fixed tangent vector v to X S at x, and letÃ be the abelian scheme over I corresponding to this tangent vector. To lift this tangent vector to a tangent vector to Y S at x, we must specify a liftB of B, a lift of the polarization λ ′ on B, and a lift of the isogeny A → B.
By Theorem 3.5, to specifyB, we must specify for each τ lifts ω 
Moreover, if a lift exists at all, it will be unique.
Again, if such a lift exists it will be unique.
Thus specifying a lift of v to a tangent vector to Y S at x is equivalent to specifying, for each τ , an ω B,τ such that φ(ω B,τ ) ⊂ ω A,τ .
Suppose first that τ is in S. Then Lemma 4.3 implies that the rank of Lie(B/k x ) * pτ is two. In particular, it is all of H 1 DR (B/k x ) pτ . Thus the only possible choice for ω B,τ is all of (H 1 cris (B/k x ) I ) pτ . Suppose that στ is in S. Then τ is not in S, since S is sparse, and Lemma 4.3 implies that Lie(B/k x ) * pτ = 0. Thus the only possible choice for ω B,τ is the zero module.
Finally, suppose that neither τ nor στ is in S. Then by Lemma 4.3, Lie(B/k x ) * pτ has rank one, so ω B,τ must have rank one, and map to ω A,τ under f . But since τ is not in S, φ induces an isomorphism
Moreover, ω A,τ has rank one. Thus ω A,τ determines ω B,τ uniquely. It follows that the tangent space to Y S at x injects into the tangent space to X S at π(x). Hence π is proper, bijective on points, and injective on tangent spaces, and is therefore an isomorphism.
2 The isomorphism Y S → X S allows us to associate to every triple (A, λ, ρ) coming from a T -valued point of X S a canonical isogeny f : A → B, where B is an abelian scheme over T with O F action and polarization λ ′ . The pair (B, λ ′ ) is "almost" a T -valued point of some U (2) Shimura variety; the only thing missing is a level structure ρ ′ . We cannot define such a level structure in terms of V, since r τ (V) = 1 for all τ , but, for instance, Lie(B/T ) pτ has dimension 2 if τ is in S.
Define r ′ τ and s ′ τ via:
3. r ′ τ = 1 if neither τ nor στ lies in S.
s
Then, by Lemma 4.3, Lie(B/T ) pτ has rank r ′ τ for all τ , and Lie(B/T ) qτ has rank s ′ τ for all τ . Thus if we wish to make B into a point on some U (2) Shimura variety X U (V ′ ), we must have r τ (V ′ ) = r ′ τ for all τ . Fix an F -vector space V ′ with a pairing , ′ satisfying the conditions of section 2 such that r τ (V ′ ) = r ′ τ for all τ , and such that there is an isomorphism
The existence of such a vector space is a consequence of Corollary 7.2, which is proven in the appendix, or of Proposition 7.1 if we are working more generally with X D U (V) rather than X U (V).) Fix in addition a particular isomorphism
In this manner we associate to each T -valued point of X S a T -valued point of X ′ , and thereby obtain a map X S → X ′ . The scheme X S has dimension d − #S, whereas we have:
Thus this map has nontrivial fibers, of dimension at least equal to the order of S. In order to recover (A, λ, ρ) given (B, λ ′ , ρ ′ ), we need to remember some extra data. Let (A, λ, ρ, B, λ ′ , φ) be the point of Y S associated to (A, λ, ρ) . Then the kernel of φ is contained in A[p], so multiplication by p factors through φ. We thus obtain an isogeny φ ′ : B → A, of degree p 2d .
We make the following observations, which are clear::
has rank one for τ in S, and is zero for τ outside S. Let Y ′ S denote the moduli space that sends a k 0 -scheme T to the set of isomorphism classes of tuples
2.
A is an abelian variety of dimension 2d, with an action of O F , 3. λ is a polarization of A, of degree prime to p, and 4. φ ′ : B → A is an O F -isogeny, such that:
is locally free of rank one if τ is in S, and zero otherwise. The construction outlined above defines a map
As before, the U ′ -level structure on B induces a unique U -level structure ρ on A, and hence a unique T -valued point (A, λ, ρ) of X. Factoring multiplication by p on B through φ ′ gives us an isogeny φ : A → B, of degree p 2d . 
For τ ∈ S, Fr(H 1 DR (B (p) /T ) pτ ) has rank two, Fr(H 1 DR (A (p) /T ) pτ ) has rank one, and the kernel of φ has rank one, so again φ induces a surjection of
The composition of the two maps is the automorphism of Y S which multiplies the level structure ρ by p. ) We thus obtain an isomorphism X S → Y ′ S . Let Z S be the moduli space parametrizing tuples (B, λ ′ , ρ ′ , M ), where (B, λ ′ , ρ ′ ) is a T -valued point of X ′ , and M is an O F -stable subbundle of H 1 DR (B/T ) such that: 1. M pτ is locally free of rank one for τ in S, and zero for τ not in S, and 2. M qτ = M ⊥ pτ , where ⊥ is with respect to the Weil pairing
Let B denote the universal abelian scheme on X ′ . Then Z S is simply the fiber product, over X ′ , of the bundles P ( Let A = B/K, and let φ ′ : B → A be the quotient map. Since K is a maximal isotropic subgroup of B[p], there is a prime-to-p polarization λ on A such that pλ ′ = (φ ′ ) ∨ λφ ′ . Then (B, λ ′ , ρ ′ , A, λ, φ ′ ) is a point of Y ′ S , and it is easy to see that this gives an inverse to the map Y ′ S → Z S defined above. 2
Remark 4.7 One can easily show using Theorem 3.5 that when S is nonempty, the map X S → Z S fails to be an isomorphism on tangent spaces. Thus this map is only a bijection on points, not a geometric isomorphism.
We do, however, have the following observation: 
is the rth power of the Frobenius morphism.
Proof. Since f is proper, it is a homeomorphism on the underlying topological spaces of Y and Z. Working one component at a time, we may assume Z is connected. Then Y is integral, so f induces a field extension K(Y )/K(Z). By Stein factorization, f is a finite morphism, so the extension K(Y )/K(Z) is finite. This extension factors as a separable extension L/K(Z) followed by a purely inseparable extension K(Y )/L. It suffices to show that L = K(Z).
Cover Z with affines U i , and let R i be the integral closure of O Z (U i ) in L. Then the schemes Spec R i glue naturally to yield an integral scheme Y sep , and the morphisms Spec R i → U i glue to give a finite separable morphism g : Y sep → Z, such that g induces the field extension L/K(Z). The morphism f factors through g, so g is proper, and a bijection on points.
We now show that g is an isomorphism. The sheaf of relative differentials Ω L/K(Z) is trivial, since the extension is separable, so (Ω Y sep /Z ) η is zero. Thus (g * Ω Z/k ) η surjects onto (Ω Y sep /k ) η . Since both have the same rank, there is an open subset U of Y sep on which this map is an isomorphism, i.e., such that every differential on U is pulled back from Z. Then g restricts to a map U → f (U ) that is proper, and injective on points and tangent spaces. The argument used to prove [Ha] , Proposition II.7.3 shows (more generally than Hartshorne's statement) that such a map is a closed immersion. Since U and f (U ) have the same dimension, and f (U ) is reduced, g maps U isomorphically onto f (U ). Hence L = K(Z). Since Z is normal, it follows that Y sep = Z, as required. Now for r sufficiently large, every p r -th power of an element of K(Y ) lies in K(Z). In particular, we have K(Y ) ⊂ K(Z p r ), where Z p r is the k-scheme obtained from Z by composing the structure map Z → Spec k with the p r -th power Frobenius endomorphism Spec k → Spec k.
, and hence contained in O Z p r (U ). These inclusions give the map f ′ : Z p r → Y , as required.
2 Combining this with the preceding result, we obtain:
Theorem 4.9 The natural map X S → Z S is purely inseparable. Moreover, there exists an integer r, and a morphism (Z S ) (p r ) → X S whose composition with the morphism X S → Z S is the p r th power Frobenius
Remark 4.10 The p r th power Frobenius is an isomorphism onétale cohomology, so the above result relates theétale cohomology of the subvariety X S of X to theétale cohomology of X ′ .
We will have need of the following lemma in the next section:
Lemma 4.11 Let A S be the universal abelian scheme on X S . Then for all τ / ∈ S, the bundle H 1 DR (A S /X S ) pτ is the pullback of H 1 DR (B/X ′ ) pτ under the natural map X S → X ′ defined above.
Proof. Let (A S , λ, ρ, B S , λ ′ , φ S ) be the universal object of Y S . Then φ S induces an isomorphism:
On the other hand, by the definition of the natural map X S → X ′ , we have B S ∼ = B × X ′ X S . Thus H 1 DR (B S /X S ) pτ is naturally isomorphic to the pullback of H 1 DR (B/X ′ ) pτ for all τ . 2
Γ 0 (p) level structures
We now turn to the reduction of U (2) Shimura varieties with level structure at p. In particular fix a V such that r τ (V) = s τ (V) = 1 for all τ , and consider the Shimura variety X U,Γ0(p) (V) defined in section 2. Let A and B be the universal abelian schemes on X U,Γ0(p) (V), and let φ univ : A → B denote the universal isogeny between them. Multiplication by p on A factors through φ univ , and we denote by φ ′ univ the isogeny from B to A obtained in this manner.
For all τ , φ univ induces a morphism
Similarly, φ ′ univ induces a morphism
These morphisms give sections of the line bundles
and Hom(Lie(A/X U,Γ0(p) (V)) * pτ , Lie(B/X U,Γ0(p) (V)) * pτ ), which we denote by h τ and h ′ τ , respectively. Note that the composition of h τ and h ′ τ in either direction is multiplication by p, since the same holds for φ univ and φ ′ univ . Thus in particular on any point x of the fiber of X U,Γ0(p) (V) over p, either h τ or h ′ τ vanishes. For subsets S and S ′ of Hom alg (F + , R), define the subscheme X U,Γ0(p) (V) S,S ′ by
This is a closed subscheme of X U,Γ0(p) (V) k0 . Moreover, every point x on this fiber lies in X U,Γ0(p) (V) S,S ′ for some pair of sets S, S ′ with S ∪ S ′ = Hom alg (F + , R).
We would like to understand the geometry of these subschemes of X U,Γ0(p) (V). We will do so by constructing anétale local model for X U,Γ0(p) (V) in which the above subschemes have natural analogues. We construct this model by a technique due to de Jong [dJ] . The following two lemmas are special cases of results of Rapoport-Zink [RZ1] , Appendix; we include proofs here as they are substantially simpler in our setting.
Lemma 5.1 Let k be a field of characteristic p, let X be a scheme over W(k), and let E and E ′ rank two vector bundles on X. Let α : E → E ′ and α ′ : E ′ → E be two morphisms such that αα ′ = α ′ α = p. Let x be a point of X (necessarily in the fiber over k) such that x * α and x * α ′ have rank one. Then there is a neighborhood U of x in X such that E and E ′ are trivial on U , and bases e 1 , e 2 for E over U and e ′ 1 , e ′ 2 for E ′ over U, such that α(e 1 ) = e ′ 1 , α(e 2 ) = pe ′ 2 , α ′ (e ′ 1 ) = pe 1 , and α ′ (e ′ 2 ) = e 2 .
Proof. Let m x be the maximal ideal of O X,x . Choose an element e 1 of E x /m x E x such that α(e 1 ) generates the kernel of α ′ :
Similarly choose e ′ 2 such that its image under α ′ generates the kernel of α :
Let e 1 and e ′ 2 be any lifts of e 1 and e ′ 2 to E x and E ′ x , respectively, and take e ′ 1 = α(e 1 ) and e 2 = α ′ (e ′ 2 ). By Nakayama's lemma, these are clearly bases for E x and E ′ x ; they manifestly have the required properties. 2
DefineX U,Γ0(p) (V) to be the scheme representing the functor that takes T to the set of isomorphism classes of tuples (A, λ, ρ 3. for each τ , we have φ(e 1,τ ) = e ′ 1,τ , φ(e 2,τ ) = pe ′ 2,τ , and 4. for each τ , we have φ ′ (e ′ 1,τ ) = pe 1,τ , and φ ′ (e ′ 2,τ ) = e 2,τ , where φ ′ is the isogeny B → A obtained from φ by factoring multiplication by p on A through φ.
The above functor is representable, as it is just a closed subscheme of a product of frame bundles over X U,Γ0(p) (V). Lemma 5.1 shows immediately that the natural map h :X U,Γ0(p) (V) → X U,Γ0(p) (V) is surjective, as if T is a scheme of characteristic p, and (A, λ, ρ, B, λ ′ , φ) a T -valued point of X U,Γ0(p) (V), then φ and φ ′ induce rank one maps on H 1 DR (B/T ) pτ and H 1 DR (A/T ) pτ for all τ .
Lemma 5.2 The map h is smooth.
Proof. Let R ′ be a ring, let I be an ideal of R ′ such that I 2 = 0, and let R be the quotient R ′ /I. It suffices to show that for every diagram:
In other words, given an To do so, we can simply takeẽ 1,τ andẽ ′ 2,τ to be arbitrary lifts of e 1,τ and e 2,τ , and then letẽ ′ For S and S ′ such that S ∪ S ′ = Hom alg (F + , R), define M S,S ′ to be the subscheme of M given by
Given a T -valued point (A, λ, ρ We thus obtain a map g :X U,Γ0(p) (V) → M. Note that for any S and S ′ with S ∪ S ′ = Hom alg (F + , R), the subschemes g −1 (M S,S ′ ) and h −1 (X U,Γ0(p) (V) S,S ′ ) ofX U,Γ0(p) (V) coincide.
Proposition 5.3 The map g is smooth.
Proof. Let R ′ be a ring, let I be an ideal of R ′ such that I 2 = 0, and let R be the quotient R/I. It suffices to show that for any diagram:
The above diagram corresponds to the following data: 
, and e 2,τ = φ ′ (ẽ ′ 2,τ ). These choices define isomorphisms
take the maps φ and φ ′ to the maps α and α ′ .
For each τ , let ω B,pτ be the inverse image ofṼ τ in ( By Grothendieck's theorem, these choices define lifts of A and B to abelian schemes over Spec R ′ . Moreover, λ, λ ′ and φ all lift to isogenies over Spec R ′ as well. Finally, the bases of (H 1 cris (B/R) R ′ ) pτ and (H 1 cris (A/R) R ′ ) pτ constructed above give bases of the corresponding pieces of the de Rham cohomology of the lifts. We thus obtain an R ′ -valued point ofX U,Γ0(p) (V) lifting the map Spec R ′ → M, as required. 2
It follows by standard techniques (see [dJ] , corollary 4.6) that every point x of X U,Γ0(p) (V) has anétale neighborhood that is isomorphic to anétale neighborhood of some point w of M. Moreover, if x lies in X U,Γ0(p) (V) S,S ′ , then w can be taken to be inside M S,S ′ . The following corollaries are immediate.
Corollary 5.4 X U,Γ0(p) (V) k0 is reduced.
Corollary 5.5 Let S, S ′ ⊂ Hom alg (F + , R) satisfy S ∪S ′ = Hom alg (F + , R). Then X U,Γ0(p) (V) S,S ′ is a smooth subscheme of X U,Γ0(p) (V) k0 , of codimension equal to #(S ∩ S ′ ). In particular, if S and S ′ are disjoint then X U,Γ0(p) (V) S,S ′ is a disjoint union of irreducible components of X U,Γ0(p) (V). Moreover, every irreducible component of (X U,Γ0(p) ) k0 is smooth.
Corollary 5.6 Let x be a closed point of the fiber of X U,Γ0(p) (V). Let S be the set of all τ such that h τ (x) = 0, and let S ′ be the set of all τ such that h ′ τ (x) = 0. Then the completion of the strict henselization of the local ring of X U,Γ0(p) (V) at x is isomorphic to:
Remark 5.7 In visualizing the way in which the subvarieties X U,Γ0(p) (V) S,S ′ fit together, it is helpful to consider them as corresponding to various faces of the cube [0, 1] Homalg(F + ,R) . Let X U,Γ0(p) (V) S,S ′ correspond to the face consisting of points whose τ coordinate is zero for all τ in S but not in S ′ , and one for all τ in S ′ but not in S. Then the dimension of any face of this cube is equal to the codimension of the corresponding subvariety. Moreover, if X 1 , . . . , X r is a collection of subschemes of the above form, corresponding to faces F 1 , . . . , F r of the cube, then the intersection of the X i is also of the above form, and corresponds to the smallest face of [0, 1] Hom alg (F + ,R) containing all of the F i .
Remark 5.8 Strictly speaking, we have only proven that X U,Γ0(p) (V) S,S ′ has the above properties if it is nonempty. This needs to be verified separately, but it is a consequence of our characterization of the closed points on X U,Γ0(p) (V) S,S ′ , below. Now that we have an understanding of the local structure of the special fiber, we turn to the global structure of the subvarieties X U,Γ0(p) (V) S,S ′ . The key is the following observation:
Proposition 5.9 Let k be a perfect field of characteristic p, and x a k-valued point of X U,Γ0(p) (V), corresponding to an isogeny φ x : A/k → B/k. Then:
x be the map B/k → A/k obtained by factoring multiplication by p on A through φ x . The condition that h ′ τ (x) = 0 is equivalent to requiring that the map φ ′ x : Lie(A/k) * pτ → Lie(B/k) * pτ be zero. This in turn is equivalent to requiring that the kernel of φ ′
x on H 1 DR (A/k) pτ contain Lie(A/k) * pτ ; since both have dimension one they must be equal. On the other hand, the kernel of φ ′ 
In the language of de Rham cohomology, this occurs if and only if φ
2 In light of this proposition, we define Y S,S ′ to be the subscheme of X U,Γ0(p) (V) whose T -points are tuples (A, λ, ρ, B, λ ′ , φ) that satisfy:
The proposition shows that the underlying point sets of X U,Γ0(p) (V) S,S ′ and Y S,S ′ are the same. Since X U,Γ0(p) (V) S,S ′ is reduced, it follows that we have an isomorphism:
Now let Z S,S ′ be the scheme representing the functor that takes a k 0 -scheme T to the set of isomorphism classes of tuples (A, λ, ρ, M ), where (A, λ, ρ) is a point of X U (V), and M is an O F -stable subbundle of H 1 DR (A/T ) that satisfies: 1. M pτ is locally free of rank one for all τ ,
The structure of Z S,S ′ is straightforward to describe explicitly. It is a fiber product of P 1 -bundles over a closed stratum of X U (V). Let Σ S,S ′ be the set of all τ with τ in S ′ and σ −1 τ in S. If (A, λ, ρ, M ) is a point of Z S,S ′ , then (A, λ, ρ) lies in the stratum X U (V) Σ S,S ′ .
In fact, Z S,S ′ is simply a product of P 1 -bundles over this stratum. Let A Σ S,S ′ be the universal abelian scheme on X U (V) Σ S,S ′ , and for each τ , let E τ denote the rank two bundle H 1
There is an obvious map Y S,S ′ → Z S,S ′ that takes (A, λ, ρ, B, λ ′ , φ) to (A, λ, ρ, φ(H 1 DR (B/T ))).
Proposition 5.10 If S ∪ S ′ is all of Hom alg (F + , R), then the map Y S,S ′ → Z S,S ′ is a bijection on points.
Proof. We construct an inverse map. Given a k-valued point (A, λ, ρ, M ), of Z S,S ′ , with k perfect, we identify M with a subspace of the Dieudonné module
Thus, exactly as in the proof of Proposition 4.6, we obtain a subgroup K of A. Let B = A/K, and let φ be the quotient map A → B. We have a polarization λ ′ on B = A/K, such that pλ = φ ∨ λ ′ φ, and the point (A, λ, ρ, B, λ ′ , φ) is a point of Y S,S ′ . This map is easily checked to be an inverse map (at the level of points) to the natural map Y S,S ′ → Z S,S ′ . 2 We thus have:
Theorem 5.11 The natural morphism X U,Γ0(p) (V) S,S ′ → Z S,S ′ is finite and purely inseparable. Moreover, there exists an integer r and a morphism (Z S,S ′ ) (p r ) → X U,Γ0(p) (V) S,S ′ whose composition with the above morphism is the p r th power Frobenius on Z S,S ′ .
Proof. This is immediate from Proposition 4.8 and the above result.
2 If S and S ′ are disjoint, so that X U,Γ0(p) (V) S,S ′ has codimension zero in the special fiber, then we can go further.
Lemma 5.12 If S and S ′ are disjoint, then Σ S,S ′ is sparse.
Proof. If both τ and στ are in Σ S,S ′ , then by definition τ is in both S and S ′ .
2 In this case we can apply the results of the previous section. Let V ′ be a two-dimensional F -vector space with pairing such that Then, up to a finite, purely inseparable morphism X U (V) S * (S,S ′ ) is itself a multiple P 1 -bundle over X U (V ′ ). Moreover, using Lemma 4.11, we can express X U,Γ0(p) (V) S,S ′ entirely in terms of naturally arising bundles on X U (V ′ ).
More precisely, let A ′ be the universal abelian variety on X U (V ′ ), and for each τ let E ′ τ be the vector bundle H 1
Theorem 5.13 There is a natural morphism X U,Γ0(p) (V) S,S ′ → Z ′ S,S ′ that is finite and purely inseparable. Moreover there exists an integer r and a morphism (Z ′ S,S ′ ) (p r ) → X U,Γ0(p) (V) S,S ′ whose composition with the above morphism is the p r th power Frobenius on Z S,S ′ .
Proof. This is immediate by combining the previous theorem with Theorem 4.9 and Lemma 4.11. 2
Example 5.14 Suppose F + is real quadratic, and let τ 1 and τ 2 denote its two real embeddings. Suppose further that p is inert in F + . In this setting, the framework we have established divides X U,Γ0(p) (V) into four pieces:
1. S = {τ 1 , τ 2 }; S ′ is empty. Here Σ S,S ′ and Θ S,S ′ are both empty, and thus the scheme Z S,S ′ is isomorphic to X U (V). In particular X U,Γ0(p) (V) S,S ′ differs from X U (V) by at most a purely inseparable morphism. In fact, it is easy to see that in this case the two are isomorphic, as X U,Γ0(p) (V) S,S ′ is the image of X U (V) k0 under the map that associates the relative Frobenius to every abelian variety parametrized by X U (V).
2. S is empty, S ′ = {τ 1 , τ 2 }. Again Σ S,S ′ and Θ S,S ′ are empty, and the scheme Z S,S ′ is isomorphic to
under the map that associates the Verschiebung morphism to every abelian variety parametrized by X U (V).
Here Σ S,S ′ = {τ 2 }, and Θ S,S ′ = {τ 1 }. The scheme Z ′ S,S ′ is a P 1 × P 1 -bundle over a zero-dimensional Shimura variety, or, more prosaically, a disjoint union of copies of P 1 × P 1 's. 4. S = {τ 2 }, S ′ = {τ 1 } exhibits the same behavior as the previous case, with the roles of τ 1 and τ 2 reversed.
It is worth noting that this description is exactly analogous to Helmuth Stamm's description of the mod p reduction of a Hilbert modular surface with Γ 0 (p) level structure over a real quadratic field in which p is inert [St] . This is unsurprising, as Hilbert modular varieties share many properties with U (2) Shimura varieties for which r τ = s τ = 1 for all τ .
Example 5.15 If in the previous example we had chosen to consider a prime p that was split in F + , the behavior for S = {τ 1 , τ 2 } and S empty would remain the same, but when S = {τ 1 } and S ′ = {τ 2 }, we would have Θ S,S ′ and Σ S,S ′ both empty. Thus Z S,S ′ is isomorphic to X U (V) in this case as well, and no nontrivial bundles occur.
Cohomology
We now illustrate how the geometric results of the previous sections, together with the weight spectral sequence of Rapoport-Zink, can be used to obtain a Jacquet-Langlands correspondence on the level ofétale cohomology. The technical complications involved in doing this in general are beyond the scope of this paper, and will be addressed in future work. Here, we will content ourselves with considering the case where F + is real quadratic and p is inert in F . For technical reasons, it will be necessary to work not with the moduli spaces X U (V), but with the more general X D U (V) where D is a quaternion algebra. We thus depart from the convention, in force in the rest of the paper, of considering only the former.
Fix a 4-dimensional central simple F -algebra D split at p. In the situation under consideration, we have two embeddings τ 1 and τ 2 of F + into R. We fix a rank one left D-module V equipped with a pairing such that r τ1 (V) = r τ2 (V) = 1 and consider the Shimura variety X = X D U (V) for some suitable U . Our first objective will be to understand the finite set X {τ1,τ2} (F p ).
Fix a V ′ isomorphic to V at all finite places with r τ1 (V ′ ) = 2 and r τ2 (V ′ ) = 0. Let X ′ = X D U ′ (V ′ ); it is a zero-dimensional unitary Shimura variety. We fix an identification of V ′ with V at all finite places.
The inclusion of X {τ1,τ2} in X {τ1} , followed by the map X {τ1} → X ′ constructed in section 4, yields a map
We can construct another map from X {τ1,τ2} (F p ) to X ′ (F p ) as follows. Fix a V ′′ isomorphic to V at all finite places with r τ1 (V ′′ ) = 0 and r τ2 (V ′′ ) = 2. If we let X ′′ denote X U ′′ (V ′′ ), and fix an identification of V ′′ with V at all finite places, then we obtain (as in section 4) a map from X {τ2} to X ′′ . On the other hand, given (A ′′ , λ ′′ , ρ ′′ ) ∈ X ′′ (F p ), the U ′′ -level structure ρ ′′ on A ′′ induces a U ′ -level structure on A ′′ (since we have fixed identifications of V with V ′ and V ′′ ), and hence also a U ′ -level structure ρ ′ on (A ′′ ) (p) . Then
Composing the inclusion of X {τ1,τ2} into X {τ2} with the map X {τ2} → X ′′ , and then applying the above construction gives a map
Knowing α 1 (x) for some x ∈ X {τ1,τ2} (F p ) is insufficient to recover x. The "missing data" turns out to be that of a Γ 0 (p)-level structure on α 1 (x). Let us make this more precise.
Let x = (A, λ, ρ) be a point in X {τ1,τ2} (F p ), and let (A ′ , λ ′ , ρ ′ ) be the tuple corresponding to α 1 (x) ∈ X ′ (F p ). The construction in section 4 gives us an isogeny π 1 :
This subspace is clearly stable under F
under the map π 1 . It is stable under F A ′ and V A ′ . Note that since the kernel L of π 1 : D A ′ → D A satisfies dim L pτ 1 = 2 and L pτ 2 = 0, we have
(The dimensions here are 2 instead of 1 because we are working with the moduli space X D U (V) rather than the simpler moduli problem X U (V).)
Then the subspace M of (D A ′ ) defined by M pτ = (M A ′ ) pτ and M qτ = M ⊥ pτ for τ ∈ {τ 1 , τ 2 } is also stable under F A ′ and V A ′ , and is a free O F /p-module of rank 2, stable under the action of O D /p. This module sits in an exact sequence
is a maximal isotropic subgroup of A ′ [p] and D(K M ) its Dieudonné module. Let B = A ′ /K M , and let φ be the natural quotient map. Since K M is maximal isotropic, there is a unique prime-to-p polarization λ B on B such that pλ ′ = φ ∨ λ B φ. The cokernel of φ : D B → D A ′ is simply D A ′ /M , and is thus a locally free O F ⊗ F p -module of rank one. It follows that (A ′ , λ ′ , ρ ′ , B, λ B , φ) is an F p point on the zero-dimensional variety X D U ′ ,Γ0(p) (V ′ ). We denote this variety by X ′ p in what follows. We will now show that this construction yields a bijection of X {τ1,τ2} (F p ) with X ′ p (F p ), by inverting the above construction. Let (A ′ , λ ′ , ρ ′ , B, λ B , φ) be an F p -point of X ′ p . We define a subspace L of D A ′ by:
1. L pτ 1 = φ(D B ) pτ 1 2. L pτ 2 = 0 3. L qτ = L ⊥ pτ for all τ ∈ {τ 1 , τ 2 }.
Since F and V both induce the zero map from (D A ′ ) pτ 1 to (D A ′ ) pτ 2 , L is a Dieudonné submodule of D A ′ . Note that if (A ′ , λ ′ , ρ ′ , B, λ B , φ) arose from an (A, λ, ρ) in X {τ1,τ2} via the above construction, then L is simply the kernel of the map D A ′ → D A induced by the map A → A ′ occurring in that construction. As usual, this module yields an exact sequence 0 → L → D A ′ → D(K L ) → 0 for some maximal isotropic subgroup K L of A ′ [p]. Let A = A ′ /K L . The polarization λ ′ on A ′ induces a prime-to-p polarization λ on A, and the U ′ -level structure ρ ′ induces a U -level structure ρ on A. Then (A, λ, 1 p ρ) is a point on X. Moreover, it is clear from the previous paragraph that if (A ′ , λ ′ , ρ ′ , B, λ B , φ) originally arose from an F p -point x of X {τ1,τ2} via the first construction, then we have x = (A, λ, 1 p ρ). The map ϕ identifiesD A with a submodule ofD A ′ , and in particular identifies (D A ) pτ 2 with p(D A ′ ) pτ 2 . The maps F A ′ and V A ′ both map (D A ′ ) pτ 2 isomorphically onto (D A ′ ) pτ 1 , and so map (D A ) pτ 2 isomorphically onto p(D A ′ ) pτ 1 . In particular F A ′ (D A ) pτ 2 = V A ′ (D A ) pτ 2 and so (A, λ, 1 p ρ) lies in X {τ1} . On the other hand, by our construction of A we have φ(D B ) pτ 1 = ϕ(D A ) pτ 1 . But F B and V B both map (D B ) pτ 2 isomorphically onto (D B ) pτ 1 . Thus
It follows that F A (D A ) pτ 1 = V A (D A ) pτ 1 , so (A, λ, 1 p ρ) lies in X {τ2} . 2 With this lemma in hand, it is straightforward to verify that the second construction is inverse to the first. We have thus identified X {τ1,τ2} (F p ) with X ′ p (F p ). Moreover, a straightforward calculation shows that under this identification, the maps α 1 , α 2 from X {τ1,τ2} to X ′ correspond exactly to the two degeneracy maps X ′ p → X ′ that "forget the level structure at p" and "mod out by the level structure at p" respectively.
Remark 6.2 Although we will make no use of the fact here, it is not difficult to generalize this construction to a description of the dimension zero locus for any totally real field F + in which every prime of F + over p has even residue class degree. When primes of odd residue class degree occur over p, the construction here breaks down completely. It is likely that in this case one needs to consider an auxiliary quaternion algebra ramified at the primes of odd residue class degree over p. Even if one does this, it is not clear at all what archimedean invariants r ′ τ , s ′ τ should be taken.
We now turn to arithmetic questions. The key tool here will be the weight spectral sequence of Rapoport-Zink [RZ2] , [Sa] . This applies only to proper schemes with semistable reduction. In order to obtain a proper scheme to apply it on, we will need to make the assumption that D is ramified at at least one prime-that is, D is a quaternion algebra rather than a matrix algebra.
In this case, the scheme X D U,Γ0(p) (V) is proper over W (k 0 ), but it is not semistable. To remedy this, we blow up X D U,Γ0(p) (V) along the subscheme X D U,Γ0(p) (V) {τ1,τ2},∅ defined in the previous section. The blowup of the scheme M along the subscheme M {τ1,τ2},∅ is a local model for this.
A standard calculation shows that the resulting scheme which we denote by X ss , is semistable. Its special fiber consists of four "components": 4. X D U,Γ0(p) (V) {τ2},{τ1} . The components 3 and 4 are disjoint, whereas 1 and 2 intersect along their exceptional divisors. The intersection of any other pair of components is the strict transform of the intersection of the corresponding components of X D U,Γ0(p) (V). Let K be the field of fractions of W (k 0 ), K an algebraic closure, and k 0 the residue field of the integral closure of W (k 0 ) in K. Let Y denote the special fiber X ss k0 , and, for each i, let Y (i) denote the disjoint union of all (i + 1)-fold intersections of (distinct) irreducible components of Y . The above discussion, together with Example 5.14, allows us to describe Y (i) completely in terms of X, X ′ , and X ′ p . In particular, we have:
• Y (0) is the disjoint union of two copies of X k0 , with two copies of a (necessarily trivial) P 1 × P 1 -bundle over the finite set X ′ k0 .
• Y (1) is the disjoint union of four copies of a P 1 -bundle over X ′ k0 , plus one copy of the "exceptional divisor" of the blow-up described above. The latter is a P 1 -bundle over the finite set (X ′ p ) k0 .
• Y (2) consists of two copies of the finite set (X ′ p ) k0 . Fix a prime l different from p. The weight spectral sequence (c.f. [Sa] , Corollary 2.2.4) is a spectral sequence E p,q 1 = ⊕ i≥max(0,−p) H q−2í
It remains to consider E 0,2 2 . This is the cohomology of the sequence E −1,2 1 → E 0,2 1 → E 1,2 1 .
By our description of the various pieces of X ss k0 , we have isomorphisms:
The maps between these cohomology groups are either Gysin or restriction maps, and the map E −1,2 1 → E 0,2
